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Abstract: Various massive gravity theories in three dimensions are conjecturally
dual to logarithmic conformal field theories (LCFTs). We summarise the status of
these conjectures. LCFTs are characterised by the values of the central charges and
the so-called “new anomalies”. We employ a short-cut to calculate these new anoma-
lies in generalised massive gravity and in the recently proposed higher-derivative
gravity theories with holographic c-theorem. Both cases permit LCFTs exhibiting
intriguing features, like rank three Jordan cells or non-zero central charges. Finally,
as an example we discuss in some detail the partially massless version of new mas-
sive gravity, a theory with several special properties that we call “partially massless
gravity”.
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1. Introduction
Logarithmic conformal field theories (LCFTs) are conformal field theories (CFTs)
where correlation functions and operator product expansions may contain loga-
rithms [1]. LCFTs arise in various contexts in condensed matter physics, see the
introductions of [2, 3]. A defining feature of LCFTs is that the Hamiltonian does
not diagonalise, but rather contains Jordan cells of rank two or higher. Thus, there
are (at least) two operators with degenerate conformal dimensions, which can have
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non-trivial correlators with each other. Another relevant difference to ordinary CFTs
is that LCFTs are not unitary.
Essential features of CFTs are characterised by the values of the central charges
cL/R: the anomalous term in the conformal Ward identities, the anomalous term
in the transformation of the energy-momentum tensor, the number of microstates
counted via the Cardy formula etc. Consequently, there are many independent ways
to calculate the central charges. Depending on the context, some of them may be
considerably simpler than others.
Essential features of LCFTs are characterised by the values of the central charges
and the values of so-called “new anomalies”. The main purpose of our work is to
explain and exemplify an efficient way to calculate on the gravity side the values of
new anomalies for LCFTs that have gravity duals.
For sake of concreteness we focus first on a very specific class of LCFTs, namely
one where the energy-momentum tensor degenerates with another operator, its loga-
rithmic partner, and where the corresponding central charge vanishes. Such LCFTs
arise for instance in condensed matter physics systems at (or near) a critical point
with quenched disorder, like spin glasses [4]/quenched random magnets [5, 6], dilute
self-avoiding polymers or percolation [7]. We denote the (anti-)holomorphic flux com-
ponents of the energy-momentum tensor by OL(z) (OR(z¯)). Let us suppose that the
holomorphic flux component OL(z) acquires a logarithmic partner Olog(z, z¯). Then
the non-vanishing 2-point correlators are given by1
〈OR(z¯)OR(0)〉 = cR
2z¯4
(1.1a)
〈OL(z)Olog(0, 0)〉 = bL
2z4
(1.1b)
〈Olog(z, z¯)Olog(0, 0)〉 = −bL ln (m
2
L|z|2)
z4
(1.1c)
The left central charge vanishes, cL = 0. The quantity bL is the new anomaly. The
mass scale mL is spurious and can be changed to any finite value by the redefinition
Olog → Olog + γOL, with some finite γ. Since the OL 2-point correlator vanishes,
the new anomaly is well-defined only after an over-all normalisation for the pair OL
and Olog has been fixed.
For LCFTs with the correlators (1.1) above the Hamiltonian H is not diagonal-
isable. Rather, it acquires a rank 2 Jordan cell.
H
(Olog
OL
)
=
(
2 1
0 2
)(Olog
OL
)
(1.2)
1We omit terms that are less divergent than the anomalous term in the near coincidence limit
z, z¯ → 0 as well as contact terms.
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Consistency of the LCFT, in particular locality, requires that the angular momentum
J is diagonalisable.
J
(Olog
OL
)
=
(
2 0
0 2
)(Olog
OL
)
(1.3)
The eigenvalues 2 arise because the energy-momentum tensor and its logarithmic
partner both correspond holographically to spin-2 excitations.
We turn now to the gravity side of LCFTs. It is of course not at all clear
that there is a gravity side in the first place: usual applications of the AdS/CFT
correspondence [8] involve unitary theories on the gravity side (string theory) and
on the field theory side (unitary CFTs). Nevertheless, it is a logical possibility that
there exist non-unitary gravitational theories that can serve as duals to LCFTs. It
was conjectured in [9] that topologically massive gravity (TMG) [10,11] for a certain
tuning of its parameters is dual to an LCFT with the properties above, (1.1)-(1.3).
We review the status of this conjecture and summarise the evidence in the next
section. We just mention here that the conjecture originally was based upon the
observation that the defining properties (1.2)-(1.3) hold. Let us therefore suppose as
a reasonable working hypothesis that the LCFT conjecture is true for TMG. Then
an obvious question to ask is: what is the value of the new anomaly bL? This
question was answered by brute-force calculations of 2-point correlators [12] and 2-,
3-point correlators [13] on the gravity side. Skenderis, Taylor and van Rees found
additionally a short-cut to cross-check their result for the new anomaly [12] that
exploits well-known LCFT limiting constructions, see e.g. [46,47]. While it is always
nice to have shorter calculations, there would be no urgent need to elaborate on this
short-cut to new anomalies if TMG was the only example of an LCFT dual.
Interestingly, it turned out that TMG is not the only example that could serve
as a gravity dual to an LCFT. New massive gravity (NMG) [14,15] also allows for a
tuning of the coupling constants such that an LCFT emerges, albeit with properties
that differ slightly from the ones above (1.1)-(1.3). Again, the new anomalies were
determined by brute-force calculations of 2-point correlators [16, 17]. In complete
analogy to [12], it was noted in [16] that there is a short-cut to determine the new
anomalies that avoids the calculation of 2-point correlators. This short-cut is what
we flesh out in the present work, with the aim to apply it to more general massive
gravity theories in three dimensions.
There are two ways an LCFT can occur in NMG. As opposed to TMG, NMG is
parity invariant, so when a type of LCFT described by (1.1)-(1.3) emerges actually
both OL and OR degenerate with a separate massive mode, each resulting in a
logarithmic pair in a theory with cL = cR = 0. The other possibility is that the two
massive modes degenerate with each other, leading to a theory with cL = cR 6= 0 and
exhibiting many, not unrelated, special features: the Breitenlohner–Freedman bound
is saturated, normalisable and non-normalisable modes mix, the modes exhibit a new
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kind of asymptotic behaviour, and display partial masslessness in the sense of Deser
and Waldron [18, 19] resulting in gauge enhancement. We shall explore this theory
— an example for “partially massless gravity” — in some detail in the present work.
Combining TMG and NMG yields yet-another 3-dimensional massive gravity
theory, generalised massive gravity (GMG). Given that both TMG and NMG can
serve as gravity duals for specific LCFTs it is natural to conjecture that the same
applies to GMG. The new anomalies for GMG have not been calculated yet. Since
GMG has an additional coupling constant as compared to TMG or NMG there is
a richer spectrum of dual LCFTs. In particular, for the first time Jordan cells of
rank 3 can emerge. Moreover, when two massive modes degenerate it is possible to
obtain LCFTs where both central charges are non-vanishing and unequal. Thus, it
is of interest to study GMG and its LCFT duals in detail.
A first step in this direction is to answer the obvious question about the values of
new anomalies. In this work we use the above mentioned short-cut to calculate the
new anomalies for GMG. This short-cut takes advantage of the fact that the LCFTs
in question arise as limits of (non-unitary) CFTs. Therefore it is possible to infer
the new anomaly from the behaviour of the correlators and weights of the operators
in question as this limit is taken. For the case (1.1)-(1.3) where the correlators are
determined by the central charges, this information is readily available on the gravity
side. For the case when two massive modes degenerate the 2-point correlator of these
modes is needed to use the short-cut. This method also works for the infinite set of
higher derivative extensions of NMG consistent with a holographic c-theorem [20–22].
This paper is organised as follows: in Section 2 we review the status of the LCFT
conjecture for TMG. In Section 3 we formulate the LCFT conjecture for NMG and
GMG and collect evidence in its favour. In Section 4 we explain the short-cut to
determine the new anomalies and apply it to TMG and NMG. In Section 5 we apply
the short-cut to determine the new anomalies for GMG. In Section 6 we study an
example for partially massless gravity. In Section 7 we address generalisations to
higher-derivative gravity theories with holographic c-theorem.
2. Confirmations of LCFT conjecture for TMG
The TMG action is given by [10,11]
STMG =
1
κ2
∫
d3x
√
|g|
(
R +
2
`2
)
+
1
2µκ2
∫
d3xλµν Γσλρ
(
∂µΓ
ρ
νσ +
2
3
ΓρµτΓ
τ
νσ
)
(2.1)
where κ2 = 16piGN is the gravitational coupling, ` the AdS radius and µ the Chern–
Simons coupling. The quantity  denotes the Levi-Civita symbol. We assume `, µ >
0 with no loss of generality and use the sign conventions of [9]. There are two
independent dimensionless combinations of the coupling constant, `/GN and µ`.
– 4 –
Both of them enter in the values of the central charges [23].
cL =
3`
2GN
(
1− 1
µ`
)
cR =
3`
2GN
(
1 +
1
µ`
)
(2.2)
The left central charge cL can be made vanishing by tuning.
µ` = 1 (2.3)
The fact that cL = 0 led to two — not necessarily contradictory — conjectures for
TMG at the critical point (2.3): the chiral gravity conjecture [24], according to which
the dual CFT is chiral and unitary, and the LCFT conjecture [9], according to which
the dual CFT is logarithmic and non-unitary.
2.1 Early indications
We review now early indications concerning both conjectures. To this end, consider
graviton excitations ψ around a global AdS3 background,
gµν = g
AdS
µν + ψµν (2.4)
with
gAdSµν dx
µ dxν = `2
(
dρ2 − 1
4
cosh2ρ (du+ dv)2 +
1
4
sinh2ρ (du− dv)2) (2.5)
Li, Song and Strominger [24] found an efficient way to construct them. Imposing
transverse gauge ∇µψµν = 0 and defining the mutually commuting first order oper-
ators (DM)β
µ
= δβµ +
1
µ
εµ
αβ∇α
(DL/R)β
µ
= δβµ ± ` εµαβ∇α (2.6)
allows to write the linearised equations of motion around global AdS3 as follows.
(DMDLDRψ)µν = 0 (2.7)
A mode annihilated by DM (DL) [DR] {(DL)2 but not by DL} is called massive
(left-moving) [right-moving] {logarithmic} and is denoted by ψM (ψL) [ψR] {ψlog}.
Away from the critical point, µ` 6= 1, the general solution to the linearised equations
of motion (2.7) is obtained from linearly combining left, right and massive modes
[24]. At the critical point DM degenerates with DL and the general solution to the
linearised equations of motion (2.7) is obtained from linearly combining left, right
and logarithmic modes [9]. The left- and right-moving modes are gauge degrees of
freedom in the bulk. The massive and logarithmic modes constitute a physical bulk
degree of freedom, the massive graviton.
Interestingly, it was discovered in [9] that the modes ψlog and ψL behave as
follows:
(L0 + L¯0)
(
ψlog
ψL
)
=
(
2 1
0 2
)(
ψlog
ψL
)
(2.8)
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where L0 = i∂u, L¯0 = i∂v, and
(L0 − L¯0)
(
ψlog
ψL
)
=
(
2 0
0 2
)(
ψlog
ψL
)
(2.9)
With the standard definitions of the Hamiltonian H = L0 + L¯0 and the angular
momentum J = L0−L¯0 we recover exactly (1.2) and (1.3). It was further shown that
the existence of the logarithmic excitations ψlog is not an artefact of the linearised
approach, but persists in the full theory [25, 26]. Additional observations made
in [9] were the degeneracy of the conformal weights of ψL and ψlog, the finiteness of
the Brown–York stress tensor, the compatibility of the logarithmic excitations with
asymptotic AdS behaviour and the instability induced by the negative energy of the
logarithmic excitations, which can be interpreted as a sign for non-unitary behaviour
on the gravity side. Moreover, the Brown–York stress tensor was found to be finite,
conserved, traceless [9] and non-chiral [12, 27–29]. All these features were required
by the purported AdS/LCFT correspondence and thus supported the validity of the
LCFT conjecture.
An important source of inspiration for [9] was Carlip, Deser, Waldron and Wise’s
immediate questioning [30] of a particular consequence of the chiral gravity conjec-
ture: the absence of massive graviton excitations. It turns out that the choice of
boundary conditions plays a crucial role. For asymptotic AdS boundary conditions
the chiral gravity conjecture was falsified soon [9, 27, 31]: The logarithmic mode
is a propagating degree of freedom and the theory is not chiral. However, impos-
ing boundary conditions that are stricter than asymptotic AdS3 behaviour, namely
Brown–Henneaux (BH) boundary conditions [34], eliminates the logarithmic mode
and opens up the possibility of a chiral theory [32, 33]. Nevertheless, Giribet, Kle-
ban and Porrati found a specific logarithmic excitation that is compatible with BH
boundary conditions, which seemed to render also this theory unstable [35]. This
was, however, explained by Maloney, Song and Strominger [28] to be an artefact of
the linearisation: there is a linearisation instability in the theory and the linearised
spectrum develops logarithmic behaviour at second order in perturbation theory, vi-
olating the BH boundary conditions. In particular this happens for the mode found
by Giribet et al.
Thus the choice of boundary conditions could result in two very different theories.
From the CFT viewpoint the restriction to BH boundary conditions can possibly be
interpreted as restricting to a charge zero superselection sector [28] of the LCFT dual
to TMG.2 Indeed, the only contributions to the left-moving Virasoro charges come
from terms with logarithmic boundary behaviour [28], so BH boundary conditions
naturally restrict to this subsector. It is not clear whether such a subsector can be
regarded as a CFT on its own [28]. It should also be noted that there is an argument
2The possibility to truncate the dual LCFT to a unitary subsector was already envisaged in [9].
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against the existence of extremal CFTs for large central charges [38,39]. Since these
are the proposed duals for chiral gravity, this may be taken as a counter-indication
against the chiral gravity conjecture. We do not consider the truncation to chiral
gravity any further in the present work (see also [36,37]), except for Section 7 where
we mention new candidate theories for chiral gravity.
From now on we instead focus on the theories obtained when allowing for ar-
bitrary asymptotic AdS excitations. As summarised above, many early indications
pointed towards the validity of the LCFT conjecture for this case. However, it was
clear that more stringent tests of this conjecture would be desirable. The calculation
of correlators and the 1-loop partition function on the gravity side provided such
tests.
2.2 Correlators and 1-loop partition function
If the LCFT conjecture is true then the calculation of correlators on the gravity side
must be compatible with (1.1). This was indeed found to be the case [12, 13], with
the following result for the new anomaly.
bL = −cR = − 3`
GN
(2.10)
Also the 3-point correlators were found to be compatible with the conformal Ward
identities [13]. Thus, 2- and 3-point correlators are precisely as required for an LCFT.
The most recent piece of evidence came from the calculation of the 1-loop par-
tition function in Euclidean TMG for thermal AdS [40].
Z1−loopTMG (q, q¯) =
∞∏
n=2
1
|1− qn|2
∞∏
m=2
∞∏
m¯=0
1
1− qmq¯m¯ (2.11)
Here q = ei(τ1+iτ2), and the quantities 2piτ1 and 2piτ2 are equivalent to the angular
potential θ and inverse temperature β, respectively. Real and imaginary parts of
lnZ1−loopTMG in the unit circle are plotted in Fig. 1. In these density plots the self-
similarity expected from a CFT partition function is clearly visible close to the
boundary of the unit-circle. The real (imaginary) part has poles (zeros) at the roots
of unity.
On the LCFT side the partition function of the Virasoro descendants of the left,
right and logarithmic states is [40]
Z0LCFT(q, q¯) =
(
1 +
q2
|1− q|2
) ∞∏
n=2
1
|1− qn|2 (2.12)
Note that the partition function Z0LCFT does not take into account multi-particle
logarithmic excitations. Thus, the difference between the TMG partition function
(2.11) and the contribution (2.12) to the full LCFT partition function must contain
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(a) (b)
Figure 1: Real (a) and imaginary (b) parts of lnZ1−loopTMG . The shading goes from darker
(lower values) to brighter (higher values). The plots are cut off at large positive and
negative values, so the white regions along the unit circle represent poles of either sign.
information about multi-graviton states. If this interpretation is correct then the
multiplicities Nh,h¯ in the expression below all must be non-negative.
ZTMG =
∞∏
n=2
1
|1− qn|2
∞∏
m=2
∞∏
m¯=0
1
1− qmq¯m¯ = Z
0
LCFT +
∞∑
h,h¯=0
Nh,h¯ q
hq¯h¯
∞∏
n=1
1
|1− qn|2
(2.13)
This was indeed found to be the case [40] and provides a fairly non-trivial check on
the validity of the LCFT conjecture.3
Collecting all evidence so far it is fair to state that the LCFT conjecture is likely
to be correct for TMG (2.1) at the critical point (2.3).
3. LCFT conjecture for other massive gravity theories
To be able to put AdS/LCFT to practical use, it is of course necessary to have several
examples of the correspondence available. Note furthermore that the important class
of applications where the stress-energy tensor acquires a logarithmic partner can be
addressed only if a metric mode degenerates. Thus, it is of prime importance to
study higher curvature theories and look for LCFT behaviour. Below we expound
the status for two popular higher curvature theories in three dimensions: NMG and
GMG.
3Note that in the computations of [40], the Hilbert space trace is taken over all normalisable
modes, including the logarithmic excitations. The fact that the partition function is consistent
with an LCFT interpretation should therefore not be considered as a counter-argument against the
proposal that the theory is chiral if BH boundary conditions are imposed.
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3.1 New massive gravity
NMG [14] is a 3-dimensional gravitational theory with massive spin-2 excitations. It
exhibits similar features to TMG. The main difference to TMG is that NMG does
not violate parity. Otherwise, as we shall recapitulate below, the story of NMG is
very similar to the TMG story. In particular, there is again striking evidence for a
dual LCFT, provided the parameters in the action are tuned to a critical value. We
summarise now this evidence.
The action for NMG is given by [14]
SNMG =
1
κ2
∫
d3x
√−g
[
σR +
1
m2
(
RµνRµν − 3
8
R2
)− 2λm2] (3.1)
where m is a mass parameter, λ a dimensionless cosmological parameter and σ = ±1
the sign of the Einstein–Hilbert term. This action leads to equations of motion
that have as particular solutions AdS3 (2.5). The AdS radius is given by 1/`
2 =
2m2(σ±√1 + λ). For positive λ there is always a unique AdS3 vacuum. We assume
henceforth λ > 0, unless stated otherwise. There are two independent dimensionless
combinations of the coupling constants, `/GN and m
2`2. Both of them enter in the
values of the central charges [15,41]
cL = cR =
3`
2GN
(
σ +
1
2m2`2
)
(3.2)
Both central charges can be made vanishing by tuning.
2m2`2 = −σ (3.3)
Given our experience with TMG, this provides a first hint that for NMG the dual
CFT might be logarithmic at the critical point (3.3). The linearised equations of
motion for NMG around AdS3 are similar to the linearised equations of motion for
TMG (2.7) [41]
(DLDRDMDM˜ψ)µν = 0 (3.4)
with the mutually commuting first order operators(DM/M˜)
µ
β = δµ
β ± 1
M
εµ
αβ∇α
(DL/R)
µ
β = δµ
β ± ` εµαβ∇α (3.5)
where M is determined from the parameters in the action as
M` =
√
1
2
− σm2`2 (3.6)
If they are tuned to the critical point (3.3) then M` = 1. Consequently, the operators
DM and DL degenerate, and analogously do DM˜ and DR. This degeneration of op-
erators provides another hint that the dual theory might be an LCFT. Furthermore,
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the consistency of logarithmic boundary conditions has been demonstrated by Liu
and Sun [42]. Note that there is another point of degeneracy: If 2m2`2 = σ then
M vanishes and the two massive modes degenerate. Because of the many special
features of this theory we shall study it separately in Section 6.
The 2-point correlators were calculated on the gravity side at the critical point
(3.3) in [16,17]. The non-vanishing ones are given by
〈ψlog(z, z¯)ψL(0)〉 = bL
2z4
(3.7)
〈ψ l˜og(z, z¯)ψR(0)〉 = bR
2z¯4
(3.8)
〈ψlog(z, z¯)ψlog(0, 0)〉 = −bL ln (m
2
L|z|2)
z4
(3.9)
〈ψ l˜og(z, z¯)ψ l˜og(0, 0)〉 = −bR ln (m
2
R|z|2)
z¯4
(3.10)
with the new anomalies
bL = bR = −σ 12`
GN
(3.11)
These are precisely the correlators of a parity invariant LCFT.
The 1-loop partition function was calculated in [40].
ZNMG(q) =
∞∏
n=2
1
|1− qn|2
∞∏
m=2
∞∏
m¯=0
1
1− qmq¯m¯
∞∏
l=0
∞∏
l¯=2
1
1− qlq¯ l¯ (3.12)
The result (3.12) can now be compared with the partition function of the LCFT
dual, analogue to the discussion for TMG above. Again all multiplicity coefficients
Nh,h¯ in the expression analogue to (2.13) turned out to be positive.
Collecting all evidence so far it is fair to state that the LCFT conjecture is likely
to be correct for NMG (3.1) at the critical point (3.3).
3.2 Generalised massive gravity
GMG is NMG plus the Chern–Simons term of TMG. The GMG action reads [14]
SGMG = SNMG +
1
2µκ2
∫
d3xλµν Γσλρ
(
∂µΓ
ρ
νσ +
2
3
ΓρµτΓ
τ
νσ
)
(3.13)
Again, AdS3 (2.5) arises as a solution of the classical equations of motion. The AdS
radius again is given by 1/`2 = 2m2(σ ±√1 + λ). Again we assume λ > 0 in order
to have a unique AdS3 vacuum. A relevant difference to previous cases is that now
there are three independent dimensionless combinations of the coupling constants,
`/GN , m
2`2 and µ`. All of them enter in the values of the central charges [15,43].
cL =
3`
2GN
(
σ +
1
2m2`2
− 1
µ`
)
cR =
3`
2GN
(
σ +
1
2m2`2
+
1
µ`
)
(3.14)
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The left central charge cL can be made to vanish by tuning.
1
µ`
− 1
2m2`2
= σ (3.15)
Given our experiences with TMG and NMG it seems reasonable to conjecture that for
GMG at the critical line (3.15) the dual CFT is an LCFT. The linearised equations
of motion for GMG around AdS3 are similar to the linearised equations of motion
for NMG (3.4) [15]
(DLDRDm1Dm2ψ)µν = 0 (3.16)
with the mutually commuting first order operators DL/R as before (3.5), and(Dm1)
µ
β = δµ
β +
1
m1
εµ
αβ∇α
(Dm2)
µ
β = δµ
β +
1
m2
εµ
αβ∇α (3.17)
where m1,m2 are determined from the parameters in the action:
m1,2` =
m2`2
2µ`
±
√
1
2
− σm2`2 + m
4`4
4µ2`2
(3.18)
If they are tuned to the critical line (3.15) then m1` = 1. Consequently, the operators
Dm1 and DL degenerate, as expected for an LCFT. In GMG there is a whole line
where the operators Dm1 and Dm2 degenerate:
m2`2
4µ2`2
+
1
2m2`2
= σ (3.19)
This has two interesting consequences. First, as in NMG this kind of degeneration
allows for the possibility of an LCFT with non-vanishing central charges. Here
however, the theory is in general not parity invariant: cL 6= cR. Second, at the
intersection of the critical lines (3.15) and (3.19) there is a critical point
m2`2 = 2µ` =
3
2
σ (3.20)
where three operators degenerate, Dm1 , Dm2 and DL, and the left central charge
vanishes, cL = 0. If the LCFT conjecture is correct this should lead to a rank
3 Jordan cell generalising the rank 2 structure (1.2). Consequently, there should
be two partners for the holomorphic part of the energy-momentum tensor OL, a
logarithmic mode Olog and a square-logarithmic mode Olog2 . On the gravity side
this should be reflected in boundary conditions that are even more relaxed than
the logarithmic boundary conditions of [31]. Indeed, such boundary conditions were
found (and their consistency was shown) by Liu and Sun [43].
For future reference it is convenient to display the important loci in the GMG
parameter space described above. Figure 2 provides such a plot. For convenience we
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6m2`
- m1`
cL = 0
cL = 0cR = 0
cR = 0
m1 = m2
NMG
x
hu
hu
Figure 2: Special loci in the GMG parameter space. See main text for explanations.
choose the parameters to be m1 and m2 of (3.18). The theory reduces to NMG along
m1 = −m2 (dotted). Along the four lines m1,2` = ±1 (dashed) a massive mode
degenerates with a boundary graviton and becomes zero norm. Here, the stress-
energy tensor acquires a logarithmic partner. Along the line m1 = m2 (dashed) the
two massive modes degenerate resulting in LCFTs where the central charges are,
in general, non-zero and unequal. At the special points m1` = m2` = ±1 (double
circles) three modes degenerate, and the LCFT has a rank three Jordan cell. The two
hyperbolas represent the loci where m1m2`
2 = −1/2, related to the singular limit
m2 → 0. Finally, at the origin (circle) the theory is logarithmic, parity invariant,
partially massless and has non-zero central charges. We call this theory “partially
massless gravity” and study it in some detail in Section 6.
Collecting all evidence so far there is reasonable evidence for the LCFT conjec-
ture in GMG. Interestingly, there are now three qualitatively different possibilities
for the dual LCFT: if we are on the critical line (3.15) we expect a “standard” dual
LCFT similar to the one arising in TMG with a rank 2 Jordan cell and a logarithmic
partner for the holomorphic part of the energy-momentum tensor. If we are on the
critical line (3.19) we expect an “exotic” dual LCFT where the massive operators
degenerate with each other, but not with the energy-momentum tensor. If we are on
the critical point (3.20) we expect a “standard” dual LCFT, but with a rank 3 Jordan
– 12 –
cell. We shall exhibit all these features in detail while calculating the new anomalies
for GMG. Before doing this we describe a convenient short-cut to determine the new
anomalies.
4. Short-cut to new anomalies
We discuss now a short-cut to determine the new anomalies for LCFTs that arise
as limits of parameter families of ordinary CFTs. We first describe the general
procedure and then apply it to two examples. The limiting constructions below are
themselves not new, see e.g. [46, 47]. In this section we limit ourselves to the case
where two operators degenerate, postponing the more general case until section 5.
4.1 Introducing the short-cut
We start by considering the CFT side (see also [48]). Consider a family4 of CFTs that
depends on some (possibly multidimensional) continuous parameter m. Suppose we
have two operators Oi(m) i = 1, 2 with different conformal weights hi(m), h¯i(m).
The non-vanishing 2-point correlators are then given by
〈Oi(z, z¯)Oi(0, 0)〉 = ci(m)
2z2hi(m)z¯2h¯i(m)
(4.1)
with some normalisation constants ci(m). Assume now that there is a point m0
where these two operators degenerate: O1(m0) = O2(m0). In order to perform a
limit construction we choose some path in parameter space m() parametrised by
 ∈ R such that m(0) = m0. Without loss of generality we may choose  to be simply
related to the difference between the weights:
h1
(
m()
)− h2(m()) = h¯1(m())− h¯2(m()) ≡ ∆12 =  (4.2)
Note that the first equality follows from requiring locality, implying that h− h¯ ∈ Z.
Essential for the appearance of a logarithmic pair at this point is that the constants
ci vanish linearly in  with related slopes:
c1 = B+ . . . c2 = −B+ . . . (4.3)
It is convenient, and always possible, to rescale the operators Oi by functions f i()
in such a way that the ellipses in the above equations actually vanish identically.
(Nonvanishing ellipses correspond to adding a multiple of O1 to Olog, see below.)
4Note that by Zamolodchikov’s c-theorem [49], the central charge is always constant in a con-
tinuous family of unitary CFTs. The models of interest here are, however, not unitary, and the
central charges vary continuously. LCFTs can also arise as limits of unitary CFTs if there is an
accumulation point in parameter space.
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Note, however, that we must keep f i(0) = 1. This ensures the coincidence of the op-
erators Oi with each other at m0 and guarantees that their predefined normalisation
is maintained, which is needed to have a well-defined new anomaly.
Let us now introduce a logarithmic operator.
Olog := lim
∆12→0
O1 −O2
∆12
(4.4)
With the above assumptions it is straightforward to obtain the following non-vanishing
2-point correlators at m0
〈Olog(z, z¯)O1(0, 0)〉 = B
2z2h(m0)z¯2h¯(m0)
(4.5a)
〈Olog(z, z¯)Olog(0, 0)〉 = −B ln (mL|z|
2)
z2h(m0)z¯2h¯(m0)
(4.5b)
For h = 2, h¯ = 0 we recover precisely the LCFT correlators (1.1b) and (1.1c); for
different values of the weights we get the correct generalisations of these correlators.
The new anomaly is then determined by
bL = B = lim
∆12→0
c1
∆12
= lim
∆21→0
c2
∆21
(4.6)
In summary, the new anomaly is determined by the ratio between the constants ci
and the difference ∆12 between the weights in the critical limit. Note, finally, that
the fact that there are only two linearly independent operators at m0 immediately
implies that any parametrisation m() must give the same result.
If one of the operators (say, O1) is a flux component of the energy-momentum
tensor the information required for determining the new anomaly is easily accessible
on the gravity side. In this case the preferred normalisation is one in which c1 is
the central charge, a quantity that can be derived in a number of ways. For the
gravity models considered here, TMG, NMG and GMG, the results are well-known.
Moreover, all left-, right-moving and massive modes are solutions of the first order
partial differential equation
(Dmiψ)µν = ψµν + 1
mi
εµ
αβ∇αψβν = 0 (4.7)
The conformal weights of normalisable primaries ψ that solve (4.7) were calculated
in [24].
mi > 0 :
(
h, h¯
)
=
(3 +mi`
2
,
−1 +mi`
2
)
(4.8a)
mi < 0 :
(
h, h¯
)
=
(−1−mi`
2
,
3−mi`
2
)
(4.8b)
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For m1` = 1 (m1` = −1) we recover the weights of the normalisable left-moving
(right-moving) primaries. In this case inserting the result for the weights (4.8) into
the definition (4.2) one obtains
∆12 =
1
2
(
1− |m2`|
)
(4.9)
We now illustrate the short-cut by applying it to two known examples.
4.2 Known examples
Let us first apply the short-cut described above to TMG.
In that case m1 = 1/` and m2 = µ, and thus ∆12 = (1− µ`)/2 (we take µ > 0).
From (2.2) and (4.6) we obtain
bL = lim
µ`→1
3`
2GN
2
(
1− 1
µ`
)
1− µ` = −
3`
GN
(4.10)
Thus, we recover indeed the result for the new anomaly (2.10) that was derived by
calculating 2-point correlators on the gravity side.
Second, we consider NMG. In that case m1 = 1/` and m2 = M [see (3.6)], and
thus 2∆12 = 1−
√
1/2− σm2`2. From (3.2) and (4.6) we obtain
bL = lim
m2`→1
3`
GN
σ + 1
2m2`2
1−√1/2− σm2`2 = −σ 12`GN (4.11)
Thus, we recover indeed the result for the new anomalies (3.11) that was derived by
calculating 2-point correlators on the gravity side.
5. New anomalies in generalised massive gravity
The short-cut described in the previous section led to the correct values for the new
anomalies in TMG and NMG. In this section we apply this short-cut to GMG, where
no results for new anomalies exist so far. We stress that the short-cut by no means
can be used as evidence in favour of the LCFT conjecture. Rather, in this section we
assume that there are LCFT duals for GMG with appropriate tuning of the coupling
constant, and we merely employ the short-cut to determine the new anomalies of the
putative LCFT duals.
For GMG there are three qualitatively different kinds of LCFTs that can occur:
A single massive mode can degenerate with a boundary graviton paralleling the TMG
case; both massive modes can degenerate with a boundary graviton yielding a rank
three Jordan cell; and two massive modes can degenerate with each other leading to
an LCFT where the energy-momentum tensor does not have a logarithmic partner.
We treat these cases in turn.
– 15 –
Let us begin by recording the central charges (3.14) expressed in the masses m1,2
in (3.18):
cL =
3`σ
GN
(1−m1`)(1−m2`)
1 + 2m1m2`2
cR =
3`σ
GN
(1 +m1`)(1 +m2`)
1 + 2m1m2`2
(5.1)
From these expressions it is clear that the new anomaly is non-zero along the lines
m1,2` = 1 except at the doubly critical point m1` = m2` = 1. In the language of
Section 4 the coefficient in the correlator vanishes as ∼ 2 here and we need to go to
second order in the expansion to extract the non-trivial quantity. We shall perform
this construction in Subsection 5.2 below.
5.1 Rank 2 standard case: m1` = 1
For definiteness let us consider the critical line m1` = 1 (m2` = 1 works in the same
way, with 1↔ 2 and L↔ R). Then cL = 0 and ψm1 degenerates with ψL. We then
have ∆12 = (1−m1`)/2 and thus
bL = lim
m1`→1
6`σ
GN
1−m2`
1 + 2m1m2`2
=
6`σ
GN
1−m2`
1 + 2m2`
=
3`
GN
(
3
µ`
− 4σ
)
(5.2)
This is our conjectured value for the new anomaly along the line m1` = 1. As
consistency checks we recover from the GMG new anomaly (5.2) the NMG result
(4.11) in the limit µ → ∞ and the TMG result (4.10) in the limit m2 → ∞ (with
σ = +1).
5.2 Rank 3 standard case: m1` = m2` = 1
Now we consider the case when three operators degenerate. This is realized at the
doubly degenerate point (3.20) of GMG. First we keep the discussion quite general
and apply our result to GMG at the end.
Consider again a family of CFTs parametrised by m and assume that three
operators Oi, i = 1, 2, 3, degenerate at m0, with 2-point correlators as in (4.1). Con-
sider a two-dimensional surface in m-space containing m0 and assume that in this
surface there are three curves, all meeting at m0, along which the pairs (O1,O2),
(O1,O3) and (O2,O3) degenerate, respectively. For a visualisation see Fig. 2 de-
scribing the GMG situation and let, e.g., O1,2 = Om1,2 and O3 = OL. The limit to
m0 corresponds to the upper-right double circle in that picture.
Again it is convenient to parametrise the surface by parameters 1,2 simply related
to the difference in conformal weights between the operators:
∆12 = 1 ∆23 = 2 ∆13 = 1 + 2 (5.3)
with ∆ij ≡ hi−hj. We assume that at the critical curves the corresponding ci vanish.
This implies that the ci vanish quadratically at m0:
c1 = B1∆12∆13 + . . . c2 = B2∆21∆23 + . . . c3 = B3∆31∆32 + . . . (5.4)
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for some constants Bi. Again, suitable rescalings eliminate the ellipses, but should
not be used to change the Bi. The non-trivial condition required for well-defined
correlators is
B1 = B2 = B3 ≡ B (5.5)
which is implied by imposing (4.3) along each of the critical lines. Under these
assumptions, defining operators based on limit definitions of the first and second
derivatives
Olog = lim
∆12→0
Om1 −Om2
∆12
Olog2 = lim
1,2→0
∆32Om1 + ∆13Om2 + ∆21Om3
∆12∆13∆32
(5.6)
gives sensible results. The operators Olog and Olog2 , together with e.g. O1, constitute
a basis for the operators at m0. Their 2-point correlators work out to
〈O1(z, z¯)Olog(0, 0)〉 = 0 (5.7a)
〈O1(z, z¯)Olog2(0, 0)〉 = 〈Olog(z, z¯)Olog(0, 0)〉 = B
2z2h(m0)z¯2h¯(m0)
(5.7b)
〈Olog(z, z¯)Olog2(0, 0)〉 = − B log |z|
2
z2h(m0)z¯2h¯(m0)
(5.7c)
〈Olog2(z, z¯)Olog2(0, 0)〉 = B log
2 |z|2
z2h(m0)z¯2h¯(m0)
(5.7d)
This is precisely the expected form of the correlators in an LCFT with a rank three
Jordan cell. (See e.g. [44, 45].) The quantity B generalises the new anomaly to the
rank three case and is well-defined only after a normalisation has been chosen for the
operators. It is then obtained as a limit.
B = lim
1,2→0
c1
∆12∆13
= lim
1,2→0
c2
∆21∆23
= lim
1,2→0
c3
∆31∆32
(5.8)
Let us apply this formula to the doubly degenerate point of GMG. As before a
preferred normalisation is provided by requiring that the 2-point correlator of two
left modes be proportional to the central charge cL. Choosing O1,2 ∼ ψm1,2 and
O3 ∼ ψL we have
∆31 = (1−m1`)/2 ∆32 = (1−m2`)/2 c3 = 3`σ
GN
(1−m1`)(1−m2`)
1 + 2m1m2`2
(5.9)
and, consequently,
B = lim
m1,2`→1
12`σ
GN
1
1 + 2m1m2`2
=
4`σ
GN
(5.10)
Obviously it would be interesting to compute the correlators using the full machinery
of AdS/CFT to confirm these results. While we do not engage in such a computation
here, we present in appendix A a first step in this direction: the asymptotic expansion
for the doubly logarithmic mode ψlog
2
for arbitrary weights (h, h¯).
Let us now turn to the case when two massive modes degenerate, but are distinct
from any of the boundary gravitons.
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5.3 Rank 2 exotic case: m1` = m2` 6= 1
As already explained, the cases in which the short-cut works best is when one of
the degenerating operators is a flux component of the energy-momentum tensor.
Then there is a preferred normalisation, and the correlators are determined by the
central charge, which is easily accessible. When two massive modes degenerate this
is no longer the case, and one must, for a given normalisation, compute the 2-point
correlator between two massive modes in the vicinity of the critical locus. The new
anomaly for this normalisation is then obtained as in (4.6).
It is of considerable interest to study also this situation, since the corresponding
theories represent putative gravity duals of LCFTs with non-zero central charges. For
GMG the two massive modes degenerate along the line m1 = m2. Had the 2-point
correlators been known, (4.6) would have given immediately the new anomaly.
Since computing 2-point correlators is quite technical [12,17] when tricks as those
used in [13,16] are unavailable, we shall blithely permit ourselves another short-cut.
As explained in [12] the 2-point correlator of two massive modes is related by Ward
identities to the energy of the corresponding mode. The energy is also obtained
from the quadratic action put on-shell, but with the important simplification that
no boundary terms need be considered. This is so because the modes in question
are normalisable. The only downside of this procedure is that it is not clear how to
relate the normalisation of the normalisable modes to that of the non-normalisable
ones used in the honest-to-God computation.
In a higher derivative theory as GMG the Hamiltonian is conveniently obtained
through the Ostrogradsky procedure as described in [24]. Our starting point is the
quadratic action (to reduce clutter we set 16piGN = 1 in this subsection unless
explicit) for fluctuations hµν around the AdS background.
S(2) = −m1m2
2m2`2
∫
d3x
√−g hµν(Dm1Dm2DLDRh)µν (5.11)
By analogy to [24] we now perform the Legendre transformation, drop certain bound-
ary terms and get the Hamiltonian
H =
∫
d2x
√−gH(hµν), (5.12)
which, evaluated on the modes in question gives the corresponding energies. One
arrives at (a dot denotes time derivative) [50]
Em1 = σ
(1−m1`)(1 +m1`)(m2 −m1)
1 + 2m1m2`2
∫
d2x
√−g h˙1µνεµ0βhβν1 (5.13)
The result for Em2 is obtained by replacing 1↔ 2 everywhere in the above equation.
We have checked that in GMG there is no choice of parameters for which all central
charges and energies Em1 , Em2 simultaneously are strictly positive. This is the result
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anticipated from TMG and NMG. The integral in (5.13) is positive definite and thus
does not change the structure of zeros or the sign of the energies entailed in the
prefactors of the integral in (5.13).
Therefore, in some suitable normalisation, the constant in the 2-point correlators
is
c1 =
3`σ
2GN
(1−m1`)(1 +m1`)(m2`−m1`)
1 + 2m1m2`2
(5.14)
and similarly with 1 ↔ 2 for c2. We see that the ci fulfil all expected properties:
When the mode hi degenerates with another mode ci vanishes. Moreover (4.3) holds
along the line m1 = m2. We are thus in a position to compute the new anomaly
along this line. Since 2∆12 = |m1|`− |m2|` we get
b = −sign(m1)3`σ
GN
(1−m1`)(1 +m1`)
1 + 2m21`
2
(5.15)
where
m1` = m2` =
m2`2
2µ`
= ±
√
σm2`2 − 1/2 (5.16)
Note that the awkward looking factor sign(m1) comes from the fact that at the point
m1 = m2 = 0 the weights of the normalisable mode, and thus the mode itself, jump
[see (4.8)]. We are going to investigate what happens exactly at this point in the
next section.
6. Partially massless gravity
Above we calculated the LCFT new anomalies in GMG. The evidence that there
is an LCFT is based upon the analogous structures in TMG and NMG, where the
LCFT conjecture is reasonably well-established for the rank 2 “standard case”. Here
the LCFT has vanishing central charge and a logarithmic partner for the energy-
momentum tensor. However, we have seen above that GMG allows also for qual-
itatively different LCFTs, with non-vanishing central charges and no logarithmic
partner for the energy-momentum tensor. Thus, it is worthwhile to consider at least
one example of such an LCFT in more detail and provide further evidence for the
LCFT conjecture.
The example we consider in this section is called ‘partially massless gravity’
(PMG). PMG is NMG with the following tuning of parameters.
2m2`2 = σ (6.1)
This implies λ = −1 for the parameter in the NMG action (3.1). We consider
exclusively the case σ = −1 here, and thus m2 < 0. We also set ` = 1 to reduce clut-
ter. PMG exhibits the following intriguing features, many of which were discovered
already in [15] (see section 5.1 therein):
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• There is a unique AdS solution (2.5) of PMG, which we take as the groundstate
solution.
• The central charges of the dual CFT are given by
cL = cR = − 3`
GN
(6.2)
• The Breitenlohner–Freedman bound [51] is saturated.
• The mass parameters m1,2 in the linearised operators (3.17) vanish, so in Fig. 2
PMG sits at the origin.
• The two massive modes degenerate with each other at the critical point (6.1)
and lead to a massive and a logarithmic massive mode.
• There is an enhancement of gauge symmetries at the linearised level that re-
duces the number of physical degrees of freedom to one.5
• The massive excitations become partially massless in the sense of Deser and
Waldron [18,19].
• The massive mode becomes pure gauge and its logarithmic partner constitutes
a propagating bulk degree of freedom.
• The massive and logarithmic massive modes do not have a well-defined helicity.
• The Fefferman–Graham expansion of the massive mode becomes an ordinary
power series in eρ (possibly with subleading logarithms), rather than a frac-
tional power series thereof.
• The Fefferman–Graham expansion of the logarithmic massive mode becomes
an ordinary power series in eρ, with some leading logarithms.
• The normalisable and non-normalisable modes mix. The SL(2,R) primaries
have half integer weights, so both their differences and sums are integers.
The last three properties follow directly from the analyses in [13, 24]. The LCFT
interpretation is perfectly consistent with all the properties above. We thus conjec-
ture that the dual CFT of PMG is an LCFT with negative central charges (6.2), no
degeneration of the energy-momentum tensor, and a Jordan cell of rank 2 built by
the massive mode ψm and its logarithmic partner ψlog.
5Another interesting jump in degrees of freedom occurs for the tuning σ = 0. Here the theory
becomes conformal at the linearised level as spelled out in [53].
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6.1 Evidence for LCFT behaviour in PMG
We discuss now further evidence that supports this conjecture. For some of the
checks it is useful to have an explicit expression for the massive primary6 with weights
(h, h¯) = (3/2,−1/2):
ψmµν =
e−i 3u/2+i v/2
cosh ρ
 ψuu = sinh
2ρ ψuv = 0 ψuρ = i tanh ρ
ψvv = 0 ψvρ = 0
ψρρ = − 1cosh2ρ

µν
(6.3)
Note that the primary (6.3) can be written as
ψmµν = ∇µ∇νζ − gµν ζ ζ := −
e−i 3u/2+i v/2 sinh2ρ
2 cosh ρ
(6.4)
This is a consequence of the fact that massive modes are pure gauge due to partial
masslessness [15]. It is straightforward to show that all descendants of (6.4) are also
pure gauge.7 Descendants are created by acting on the primary (6.3) with the ladder
operators L+ and L¯+ of SL(2,R)L× SL(2,R)R. The SL(2,R)L generators read
L0 = i∂u L± = ie∓iu
(cosh 2ρ
sinh 2ρ
∂u − 1
sinh 2ρ
∂v ± i
2
∂ρ
)
(6.5)
with algebra
[
L0, L±
]
= ±L±,
[
L−, L+
]
= 2L0. The SL(2,R)R generators L¯0, L¯+, L¯−
satisfy the same algebra and are given by (6.5) with u↔ v and L↔ L¯. The massive
primary with weights (h, h¯) = (−1/2, 3/2) is obtained from (6.3) by exchanging the
u- and v-components.
In Fig. 3 we depict all massive modes with half-integer weights and how they are
connected by the SL(2,R) ladder operators L±, L¯±. In this picture filled circles refer
to primaries and their descendants (a Verma module), while empty circles refer to all
modes that are not descendants of a primary (the latter are usually non-normalisable
modes). Note that there are not only two primaries (and their complex conjugates)
with the expected weights (h, h¯) = (3/2,−1/2), (h, h¯) = (1/2,−3/2), but also an
additional one with weights (h, h¯) = (3/2, 3/2) that we denote by ψ0µν , where the
superscript 0 refers to the vanishing angular momentum h− h¯ = 0.
ψ0µν =
e−i 3/2 (u+v)
cosh3ρ
 ψuu = 1 ψuv =
3−cosh (2ρ)
2
ψuρ = −3i tanh ρ
ψvv = 1 ψvρ = −3i tanh ρ
ψρρ =
4−2 cosh (2ρ)
cosh2ρ

µν
(6.6)
6Here “primary” refers to SL(2,R), as we have not checked the action of the Virasoro generators
L−n, L¯−n. It would be interesting to fill this gap. We expect that all statements in this paragraph
remain true when “primary” refers to the full Virasoro algebra. The word “weight” refers to the
quantum numbers h, h¯, which in the CFT interpretation are not necessarily the weights, but rather
a combination of weights and levels. For primaries what we call “weights” are indeed the conformal
weights.
7Descendants can be written as Lξψmµν = ∇µ∇νη − gµνη, with η = ξα∇αζ, where ξ is a Killing
vector of AdS and Lξ is the Lie derivative along this vector.
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Its existence is a special feature of PMG. Interestingly, this additional primary arises
as descendant of the other primaries. The new primary ψ0 and its descendants fall
off asymptotically like e−ρ. More specifically, we have for h, h¯ ≥ 3/2:
ψuv ∼ e−ρ other components: ψµν ∼ e−3ρ (6.7)
This is to be contrasted with the behaviour for h ≥ 3/2, h¯ ≤ 1/2:
ψuu ∼ eρ ψuv ∼ e−ρ ∼ ψuρ other components: ψµν ∼ e−3ρ (6.8)
We stress that for PMG there appears to be no separation into normalisable and
non-normalisable modes: all modes grow asymptotically at most like eρ and are thus
compatible with the boundary conditions for fluctuations (6.14) below. In the CFT
interpretation8 the existence of the new primary ψ0 means that the Verma module is
reducible, i.e., there is a singular vector (or null vector) that generates a submodule
of the whole Verma module. Such null vectors lead to differential equations that put
restrictions on the higher correlators, so it is interesting that they occur automatically
in PMG.
The logarithmic (quasi-)primary is obtained from the massive one (6.3) in com-
plete analogy to [9].
ψlog = −1
2
(
i(u+ v) + ln cosh2ρ
)
ψm (6.9)
Descendants are created by acting on the (quasi-)primary with the ladder operators
L+ and L¯+. Acting with the operator that annihilates the massive mode on the
logarithmic massive mode yields its logarithmic partner, the massive mode.
εµ
αβ∇αψlogβν = ψmµν (6.10)
The algebraic discussion of the logarithmic modes parallels the one of the mas-
sive modes in the previous paragraph, except that “primary” should be replaced
by “quasi-primary” when referring to the full Virasoro algebra, and the asymptotic
behaviour changes logarithmically in eρ. Acting on the pair ψm(h = 3/2, h¯ = −1/2)
[see (6.3)] and ψlog(h = 3/2, h¯ = −1/2) [see (6.9)] with the Hamiltonian H = L0 + L¯0
and the angular momentum operator J = L0 − L¯0 yields
H
(
ψlog
ψm
)
=
(
1 1
0 1
)(
ψlog
ψm
)
(6.11)
and
J
(
ψlog
ψm
)
=
(
2 0
0 2
)(
ψlog
ψm
)
(6.12)
8We thank Matthias Gaberdiel and Ivo Sachs for discussions on this interpretation.
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Figure 3: Display of the ladder operators L+ (up), L− (down), L¯+ (right) and L¯− (left).
Notation:  = primaries, • = descendants, ◦ = other, · · · = semi-permeable barrier.
The rank 2 Jordan cell in (6.11) provides another confirmation of the LCFT conjec-
ture.
Further confirmation comes from the consideration of the asymptotic symmetry
group, in analogy to [27,31]. Let us consider asymptotic AdS
g¯µν dx
µ dxν =
dx+ dx− + dy2
y2
(6.13)
and allow for fluctuations g = g¯+ h that preserve the following boundary conditions
hµν =
 h++ = O
(
ln y
y
)
h+− = O
(
1
)
h+y = O
(
ln y
)
h−− = O
(
ln y
y
)
h−y = O
(
ln y
)
hyy = O
(
1
)

µν
(6.14)
These boundary conditions were discovered by Oliva, Tempo and Troncoso [54].
They are weaker than Brown–Henneaux [34], logarithmic [31] or Giribet–Leston [55]
boundary conditions and differ also from Porfyriadis–Wilczek boundary conditions
[56]. In addition to the left- and right-moving boundary graviton excitations they
allow for massive excitations like (6.3) as well as for logarithmic excitations (6.9).
Vector fields ξ that preserve the boundary conditions (6.14) when acting on the full
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metric g = g¯ + h with the Lie derivative are given by
ξ+ = ε+(x+)− y
2
2
∂2−ε
− +O(y3 ln y) (6.15a)
ξ− = ε−(x−)− y
2
2
∂2+ε
+ +O(y3 ln y) (6.15b)
ξy =
y
2
(
∂+ε
+ + ∂−ε−
)
+O(y3) (6.15c)
The asymptotic symmetry group is then generated by the two functions ε±(x±), and
thus naturally leads to two copies of the Witt algebra, which get centrally extended to
two copies of the Virasoro algebra [54] in full analogy to the seminal Brown–Henneaux
example [34]. Thus, PMG with the boundary conditions (6.14) is compatible with
the conjecture that a dual CFT exists allowing for massive as well as logarithmic
excitations.
In conclusion, we have provided the conjecture — and evidence in its favour
— that the dual CFT of PMG is a specific LCFT with properties listed at the
start of this section. If the conjecture is true then PMG is a first example of a
gravity dual for an LCFT where both central charges are negative and the energy-
momentum tensor does not acquire a logarithmic partner. It could be rewarding
to perform further checks on the validity of our conjecture, like the calculation of
correlators or partition functions, along the lines of Section 2, or the calculation of
the holographically renormalised Brown–York stress tensor, using the results of [57].
6.2 New anomaly in PMG
There is a subtlety in determining the new anomaly b for PMG, which we anticipated
already after deriving the result (5.15) for the line m1 = m2. Note that b changes
sign abruptly as we pass the point m1 = m2 = 0:
bPMG = ∓3`σ
GN
(6.16)
To interpret this, note that the weights of the normalisable modes depend discontin-
uously on the point in the (m1,m2)–plane. E.g., for the regions with the same sign
of mi we have the weights
(h, h¯) = (
3 +m1,2`
2
,
−1 +m1,2`
2
) mi > 0 (6.17a)
(h, h¯) = (
−1−m1,2`
2
,
3−m1,2`
2
) mi < 0 (6.17b)
for the primaries of the normalisable modes. The modes correspond to CFT oper-
ators having these same conformal weights. It is clear that the result of a limiting
construction as in Section 4 will give different results depending on the region from
which the point m1 = m2 = 0 is approached: the logarithmic operator will have
different conformal weights!
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Since the fall-off behaviour of all four modes in (6.17) coincides at the PMG
point, there is no a priori way to divide them into (non-)normalisable modes. The
situation is similar to the case of a scalar field close to the Breitenlohner–Freedman
bound: there are two normalisable modes, and which one to consider as source or
operator is a matter of choice, see for instance the discussion in [58–64]. Since the
weights differ by an integer we have a situation resembling the case of resonant
scalars, see [65] and references therein. In the present case this choice affects the
sign of the new anomaly (6.16). The upper (lower) sign corresponds to the upper
(lower) equation in (6.17).
7. Summary, generalisations and outlook
We reviewed the status of the LCFT conjecture in 3-dimensional massive gravity
theories in Sections 2 and 3. We then presented a short-cut to calculate new anoma-
lies in gravity duals for logarithmic conformal field theories (LCFTs) in Section 4.
Exploiting this short-cut we derived in Section 5 results for new anomalies in gener-
alised massive gravity (GMG) for the rank 2 standard case, (5.2), the rank 3 standard
case, (5.10), and the rank 2 exotic case, (5.15). “Standard” refers to LCFTs with
vanishing central charge where the energy-momentum tensor acquires a logarithmic
partner. “Exotic” refers to LCFTs with non-vanishing central charge where massive
modes degenerate with each other. We discussed in some detail an exotic example of
partially massless gravity (PMG) and found several intriguing features in Section 6.
This theory is likely to provide the first gravity dual to an LCFT with non-vanishing
central charges.
We consider now generalisations to higher-derivative gravity theories with holo-
graphic c-theorem [20–22]. These theories are defined by the following action.9
S =
1
κ2
∫
d3x
√−g [σR− 2Λ +∑
nmk
λnmkR
nRm(2)R
k
(3)
]
(7.1)
The scalars R(2) = /Rµν /R
µν
and R(3) = /Rµν /R
µ
α
/R
να
are quadratic and cubic curvature
invariants constructed from the tracefree Ricci-tensor /Rµν = Rµν − 13 Rgµν . The
coupling constants λnmk are not arbitrary, but restricted by the required existence of
a holographic c-theorem. To quadratic order these coupling constants match precisely
the ones of NMG and the action (7.1) reduces to (3.1) with Λ = λm2. To cubic and
quartic order the coupling constants were first determined by Sinha [20]. To quintic
order the coupling constants were first determined by Paulos [21], who gave also a
9It is straightforward to add the gravitational Chern–Simons term to the action (7.1). This
leads to the same linearised equations of motion as in GMG (3.16), instead of (7.2) below. Another
extension of NMG, Born–Infeld massive gravity [66], also is consistent with a holographic c-theorem,
but does not have an LCFT dual for any regular choice of parameters.
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prescription how to obtain them for arbitrary orders. Since the action is algebraic in
the Ricci tensor, the linearised equations of motion are no more than fourth order.
Around an AdS background they take the same form as for NMG (3.4), (3.5). Below
we use the notation of [21]; note that ` = L/
√
f∞, c is the central charge and γ a
free parameter that determines the mass scale in (4.9) as m22`
2 = 1− c/(2f∞γ).(∇2 + 2f∞
L2
)(∇2 + 2f∞
L2
+
c
2L2γ
)
ψµν = 0 (7.2)
Tuning the coupling constants λnmk can lead to the same kind of degenerations that
we discussed for NMG, including the partially massless limit that leads to PMG.
Thus, the results of the present paper can be applied to appropriately tuned versions
of (7.1). More concretely, applying the short-cut of Section 4 we predict for these
theories in the standard scenario of an LCFT with vanishing central charge the
following value for the new anomaly.10
b = 8f∞γ (7.3)
It would be excellent to confirm our prediction (7.3) by a direct calculation of 2-point
correlators in higher-derivative gravity theories with holographic c-theorem.
The research presented in this paper can be extended in a number of ways. In
TMG it would be interesting to extend the discussion of partition functions beyond
1-loop, based upon the concepts of Witten [68], Maloney and Witten [69] and the
results in [40]. This could also shed further light on chiral gravity [24] as a truncation
of the dual LCFT [9,28]. In NMG a cross-check not performed yet is the calculation
of 3-point correlators, and it could be rewarding to fill this gap. While the structure
of GMG makes it plausible that the LCFT conjecture is also true for GMG, it is not
verified to the same degree as in TMG or NMG. Thus, it would be interesting to
calculate 2-, 3-point correlators and 1-loop partition functions in GMG in order to
support/falsify the LCFT conjecture. Also the 1-point function, the holographically
renormalised Brown–York stress tensor, should be checked for finiteness, tracelessness
and conservation. The same remarks apply to the special case of PMG that we
studied in some detail. More specifically, it will be interesting to check if the Brown–
York stress tensor is finite for modes with the boundary behaviour (6.8).
We have checked that in GMG for any values of the coupling constants not all
central charges and energies of massive excitations (5.13) can be strictly positive,
thus confirming the expectations from TMG and NMG. However, for the LCFT
tunings of the coupling constants discussed in this work it is possible that all these
quantities are non-negative. In that case it is of interest to calculate the sign of the
energy of logarithmic excitations. Our expectation is that this sign is negative, by
analogy to the TMG calculation [9].
10Miguel Paulos has conjectured independently the result b ∝ γ [67].
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Partial masslessness arises not only in PMG, but also in GMG11 as soon as one
of the mass parameters m1 and m2 vanishes (i.e., along the axes in Fig. 2). Except
for certain tunings (mi` = ±1 or µ → ∞ where PMG is recovered) there are no
degenerating modes. Therefore, the CFT duals of generic partially massless theories
are not logarithmic. It would be interesting to unravel the properties of these “Deser-
Waldron-CFTs”, see e.g. [70,71]. Another intriguing loose end is the rank 3 scenario
in GMG. In that case all left-moving and logarithmic excitations become zero norm
states, so it is conceivable that a truncation to something like “chiral gravity” is
possible. It could be rewarding to study such a truncation and to check if it parallels
the chiral gravity story in TMG, or whether there are essential differences to it.
Moreover, it would be interesting to expand the present analysis to the supergravity
extensions of the present models put forward in [72,73].
Finally, it may well be that the (non-unitary!) massive gravity theories consid-
ered in this work are gravity duals to LCFTs only in a certain limit, comparable to
the large N , large ’t Hooft coupling limit on the CFT side and the supergravity limit
on the AdS side in the canonical example of AdS/CFT [8]. It remains a challenge
to either show that this is not the case or to find an adequate embedding of these
theories in a more fundamental one, such as string theory.
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A. Doubly logarithmic mode
The asymptotic expansion of the logarithmic modes for arbitrary weights h, h¯ was
derived for TMG by expanding the equations of motion for the massive mode to first
order in a small parameter ε = (1 − m1)/2 [13]. (We set ` = 1 in this appendix.)
In a similar fashion we derive the doubly logarithmic mode, but going up to second
order in ε.
ψlog
2
=
1
2
d2ψM
dε2
∣∣∣
ε=0
(A.1)
11We thank Branislav Cvetkovic´ for collaboration on this topic, and for explaining [52] to us.
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Here ψM is a solution of
ψMµν +
1
1− 2ε ε
αβ
µ ∇αψMβν = 0 (A.2)
All such solutions were given explicitly in terms of hypergeometric functions in [13].
The prefactor one half in (A.1) comes from our choice of normalisation, DLψlog2 =
−2ψlog. We obtain the following asymptotic result for large values of x = cosh (2ρ)
ψlog
2
vv =e
−i(hu+h¯v)
[hh¯+ x
2
L2x − (h+ h¯+ hh¯)Lx + 1 + h+ h¯+ hh¯
]
+O( ln2 x
x
)
(A.3a)
ψlog
2
uv =e
−i(hu+h¯v)
[1− h2
2
L2x − (1− 3h)(1 + h)Lx + (1− 7h)(1 + h)
]
+O( ln2 x
x
)
(A.3b)
ψlog
2
uu =e
−i(hu+h¯v)h(1− h2)
h¯
[1
2
(ln
x
4
− i(u+ v))2 − 2(ψ(h− 1) + ψ(−h¯)− 3
2
+ 2γ)
· (ln x
4
− i(u+ v)) + 7 + 4γ(−3 + 2γ) + 2(−3 + 4γ)(ψ(h− 1) + ψ(−h¯))
+ 2(ψ(h− 1) + ψ(−h¯))2 − 2(ψ′(h− 1)− ψ′(−h¯))
]
+O( ln2 x
x
)
(A.3c)
ψlog
2
uρ =O
( ln2 x
x
)
(A.3d)
ψlog
2
vρ =− i e−i(hu+h¯v)
[
hL2x − 2(1 + h)Lx + 2(1 + h)
]
+O( ln2 x
x
)
(A.3e)
ψlog
2
ρρ =e
−i(hu+h¯v) 4
x
[1− 2h2
2
L2x − 2(1− 3h)(1 + h)Lx + 2(1− 7h)(1 + h)
]
+O( ln2 x
x2
)
(A.3f)
with Lx := ln x + i(u + v). Here ψ is the digamma function and ψ
′ its derivative.
Note that for 2-point correlators particularly the last line of (A.3c) is relevant, as
it will produce the ln2-terms in the correlator (5.7d). (The first two lines of that
equation will contribute only to terms that can be eliminated by a redefinition of the
operator Olog2 .) One can check explicitly that the mode (A.3) obeys asymptotically
DLDLDL ψlog2 = DLDL(−2ψlog) = DL(4ψL) = 0 (A.4)
with the asymptotic expansions and normalisations of ψlog and ψL as given in [13].
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